Abstract: In communication, the signal at the receiver end at time t is the signal from the transmitter side at time t − τ (τ ≥ 0 and it is the lag time) as the time lag of transmission. Therefore, lag synchronization (LS) is more accurate than complete synchronization to design communication scheme. Taking complex Lorenz system as an example, we design the LS controller according to error feedback. Using chaotic masking, we propose a communication scheme based on LS and independent component analysis (ICA). It is suitable to transmit multiple messages with all kinds of amplitudes and it has the ability of anti-noise. Numerical simulations verify the feasibility and effectiveness of the presented schemes.
Introduction
During actual applications, there always exists time lag. Taking the telephone communication system as an example, the sound one person hears on the receiver end at time t is the sound produced on the transmitter end at time t − τ (τ ≥ 0 and it is the lag time). There also exists time delay when the information signal transmits from the sender side to the receiver side in secure communication. "Many experimental investigations and computer simulations of chaos synchronization in unidirectional coupled external cavity semiconductor lasers [1, 2] have demonstrated the presence of lag time between the drive and response lasers intensities" [3] . "The similar experiments for chaotic circuits have also demonstrated the complete synchronization (CS), i.e., the states of two chaotic systems remain identical in the course of temporal evolution, is practically impossible for the presence of the signal transmission time and evolution time of response system itself." [3] Refs. [3, 14] and it is simpler than them), and then investigate the communication schemes based on LS to transmit multiple messages considering the influence of noises. The rest of this paper is organized as follows: we design the LS controller in Section 2. The communication scheme based on LS is discussed in Section 3, and numerical simulations are given in Section 4. In the end, we summarize some conclusions in Section 5.
The LS Controller of Complex Lorenz Systems
We are to realize the lag synchronization of complex Lorenz systems employing error feedback in this section. First, we give the following Lemma 1 and Theorem 1 which will play an important role in proving Theorem 2. 
where z(t) ∈ R n , A(t) is a n × n time-varying matrix. Its elements are bounded for all t ≥ 0 (a min < |a ij (t)| < a max where a min > 0 and a max > 0 and they are independent of t). If there exists positive definite matrix P to ensure A T (t)P + PA(t) negative definite, then z(t) = 0 is the global equilibrium point with exponential asymptotic stability of system (1) .
Proof. For positive definite matrix P, we adopt Lyapunov function as
We employ z,ż instead of z(t),ż(t), respectively, for simplicity. The similar thereinafter. Its derivative alongż iṡ
If there exists positive definite matrix P to ensure A T (t)P+PA(t) negative definite and A(t) is bounded for all t > 0, we set −k(k > 0) as the maximum eigenvalue of the matrix A T (t)P + PA(t), theṅ
As P is independent of time, z = 0 is the globally equilibrium point with exponential asymptotic stability of system (1). The proof is completed.
Theorem 2. Consider the following drive complex Lorenz chaotic system (5) and the response complex Lorenz chaotic system (6) 
where
T is the control vector.
Set the errors e 1 = y
where τ is the constant time lag. If we adopt the controller
then there exist real constants
i.e., we realize the LS between system (5) and system (6) .
For simplicity, we adopt y 1τ , u 1τ , u 2τ instead of y 1 (t − τ ), u 1 (t − τ ), u 2 (t − τ ) respectively, and the similar thereinafter.
Set
, then e 1 = e u1 + je u2 , e 2 = e u3 + je u4 and e 3 = e u5 . From (5)- (7), we obtain the following error system in real version
We can rewrite (9) asė
If we select P = I, then
are bounded for chaotic system, A(t) is bounded, and a min < |a ij (t)| < a max where a min > 0 and a max > 0. According to Lemma 1, there exist k 1 > a max − a 1 /2, k 2 > (3a max + a 1 )/2 − 1 and k 3 > 3a max − a 3 to ensure that A T (t) + A(t) is a row diagonally dominant matrix where all of the diagonal elements are negative, then all eigenvalues of real symmetric matrix A T (t) + A(t)
are negative. Therefore, according to Theorem 1, we obtain e u = 0 is the global equilibrium point with exponential asymptotic stability of system (10) . It means (8) 
A Communication Scheme Based on LS
We design communication scheme based on LS in theory this section. We employ L1 as the transmitter and L2 as the receiver by means of the following complex chaotic systems L1 :
and L2 :
where h is the information signal, b is its parameter, and Dε(t) presents the white noise both arisen in the communication channel and produced by the noise source. The transmitted signal is s and s ′ is the output of the receiver.
We get the error dynamics of real version from (11) and (12),
where the superscript r stands for the real parts of the complex variables, while i means the imaginary parts. Therefore, according to Theorem 2, x = (x 1 , x 2 , x 3 ) T will approach y τ = (y 1τ , y 2τ , y 3τ ) T as t → ∞ and LS occurs. Figure 1 shows the block diagram of our communication scheme. The transmitted signal is denoted as s(t) = k 1 y 1 + bh + Dε(t) + jDε(t). At the receiver end, the transmitted signal is denoted as s(t − τ ) = k 1 y 1τ + bh τ + Dε(t) + jDε(t) because of the time lag of transmission (As the characteristics of white noise, we ignore the time lag of noise). According to Theorem 2, the controller is designed as
With the occurrence of LS, x will approach y τ , and the mixed signal which includes noise h g = s(t − τ ) − s ′ = k 1 e 1 + Dε(t) + jDε(t) + bh τ → Dε(t) + jDε(t) + bh τ . As the recovered signal h τ and the noise Dε(t) are independent, we employ the method of independent component analysis (ICA) [28] to separate the noise from the recovered signal and extract the recovered information signal. The mixed signal can be expressed by
where the parameter b ′ = b. Then we can retrieve the recovered signal ′ by proportional regulator in practice. We also can employ m(t) as the information signal in order to increase the security of this communication scheme, and h(t) = F (y, m) is a complicated function of information signal.
Simulations, Results and Discussion
We adopt the system (11) as the transmitter and (12) as the receiver, and make simulations by using Matlab. We utilize the fourth-order Runge-Kutta scheme and △t is the reciprocal of the sampling frequency. We choose the initial condition y(0) = (2 + 1j, 5 + 3j, 4)
T , x(0) = (−1 − 2j, −3 − 4j, 1)
T and the parameters a 1 = 14, a 2 = 35, a 3 = 3.7. The time-delay is τ = 0.03 s. The controller is (14) . The white noise ε(t) is the stochastic Gaussian process. It can be depicted by the following probability distribution function
where ε 0 = 0 and σ = 1 are the mean value and variance, respectively [24] . We obtain the evolution of x(t) and y(t) from 5 s to 6 s shown as in Figure 2 with the control strength
The error vector of LS is shown in Figure 3 where the error vector converges to zero rapidly with time. It indicates that LS occurs. The controller v is displayed in Figure 4 .
We transmit the famous melody "Ode to joy" which is written by L. Beethoven. It includes two components which can be read by Matlab software. They are shown in Figure 5a ,b with the sampling frequency 44,100 Hz. They are carried by the real part and the imaginary part of s(t), respectively. The SNR (signal-to-noise ratio 10lgS/N) is 13 dB (where the amplitude of real signal is bh(t) and the amplitude of noise is D). The SNR increases with b. For the signal with large amplitude, we can greatly decrease b and retrieve the original signal accurately with low SNR under the effect of the ICA filter. Figure 2 . The evolution of x(t) and y(t) from 5 s to 6 s. Figure 5 . The transmission process of the famous melody "Ode to joy".
We obtain that the transmitted signal s(t) completely conceals the information signal, which is depicted in Figure 5c ,d. Obviously, s(t) is a combination of state variables of drive system, information signal and white noise. For the signal with larger amplitude, we can decrease the value of b to ensure that the chaotic signal masks the information signal. The recovered signal h τ (t) are depicted in Figure 5e ,f. It is easy to find that the information signal h(t) is recovered accurately from Figure 5g ,h.
Compared with other examples of communication system based on real chaotic system [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] and complex chaotic system [31] [32] [33] [34] , the above results of experimental simulations show the proposed secure communication scheme based on LS of complex chaotic system has many advantages.
(1) As the time delay of transmission, it is much closer to the real situation and more accurate to describe the synchronization between the transmitter and the receiver based on LS. It is more accurate and much closer to the real situation. This is one natural advantage in theory. other techniques such as [3, 14] and it is easy to implement in practice, thus it has low amount of calculation, simplicity and practicability. (4) Using the method of ICA, this communication scheme has a strong ability of anti-noise and robustness. (5) Finally, we add the parameter b to regulate the amplitude of information signals, thus this scheme can transmit multiple messages with all kinds of amplitudes.
In a word, this communication scheme has simplicity, fast convergence speed, low amount of calculation, high capacity of transmitted signals, the ability of anti-noise, practicality and low SNR.
Conclusion
We design a LS controller of complex chaotic systems considering the time delay appears in the transmission in chaos-communication, then propose a communication scheme based on LS and ICA. The corresponding numerical simulations, where the complex Lorenz system are taken as a typical example, are implemented to demonstrate the effectiveness and feasibility of the proposed scheme.
